Introduction
The homotopy groups of topological spaces have been generalized by Eckmann-Hilton to two-space homotopy groups IIn(X, Y) that contain homotopy groups and cohomology groups (both with arbitrary coefficients) as well as their exact sequences, as special cases; the classical homotopy and cohomology are dual to each other in the sense of a simple (heuristic) duality that consists in interchanging X and Y. Furthermore, there is, in the category of modules over a ring -or more generally in any abelian category with sufficiently many injectives and projectives -an analogous homotopy theory and its dual (cf. Eckmann [1] ); here, the duality is not only heuristic, as in the category of spaces, but follows automatically. By the analogy in question, the imbedding of a topological space X into the cone CX, for instance, corresponds to the imbedding of a module X into an injective module X; the topological suspension ZX = CXjX corresponds to the algebraic suspension UX = XjX; and, in both categories, the homotopy groups may be defined with the aid of iterated suspensions.
These two heuristic principles (a) the duality in the category of spaces, (b) the analogy between spaces and modules, have much stimulated the development of the Eckmann-Hilton homotopy theory. It will be shown in the present paper that these principles can be given a theoretical foundation.
For this purpose, we shall develop a semisimplicial homotopy theory in the framework of general categories, such that the homotopy theory of spaces and the one of modules are included as special cases, as well as the homotopy theory of maps of spaces, etc. Moreover, in all cases where this homotopy theory can be defined, full duality is obtained automatically, from the general duality principle in categories. Thereby, not only is a precise notion of the analogy between the homotopy theories for modules and spaces achieved, but it is also possible to simplify substantially some proofs. For instance, the exactness of the homotopy sequences in the categories of modules, of spaces, of pairs of 5 This works for S? = £, too; but if one tries to handle contravariant functors with the aid of the duality principle, without introducing explicitly the dual category, the case^= £ needs a rather awkward special treatment.
The following five formulas are valid for any covariant functors and any functor morphisms, as soon as they make sense (cf. Godement [4] , Appendice). We define 
The relations (1)- (7) (T*p)oh=(h*C)oh.
Since we shall not need this result, the proof is omitted.
In the case of a T-trivial construction, the augmentation d°:
TF0(Y)-^T(Y)
is commutative, Usually, the homotopy sets are denned only for non-augmented semisimplicial complexes. However, sometimes it is useful to extend the definitions to the augmented case, especially if semisimplicial groups are involved. More generally, let K* be a semisimplicial object in a category of sets with base element, satisfying the Kan condition. Then, according to Kan [7] , one defines 7tn{K%), n Sg 0 as being the set of equivalence classes of rn = {a Kn | fflo = 0 for all i} , modulo the homotopy relation~.
This definition carries over to the augmented case without any change; the above remarks and theorem 3.2 then imply that, in the case of a T-trivial construction, the homotopy of TF%{Y) is trivial in all dimensions n^0. We do not define (-1)-dimensional homotopy. 
therefore, we have ß o y = identity. In the same way, one obtains y o ß = identity. We have further to show that y is natural with respect to X and F, i.e. that the diagram
is commutative for all morphisms v: X' -> X, w: Y -> F', or, equivalently, 2) injective module (C(X'))'; hence, the modules Fn(X) are injective for n^0. Theorem 4.3 implies that the construction {G, k, p} is GU-trivial, since {C,k,p} is C?-trivial. Therefore, the semisimplicial complexes Gr(f7(J7*(X))) and U(F*(X)) have trivial homotopy groups, and the chain complex !jJ(F*(X)),d) has trivial homology groups. Proposition 5.3 now implies that (F* (X), 3) has trivial cohomology groups (here, use is made of the fact that U is an additive functor). As 
consist of those and only those maps a: Gn+1X -> Y which may be factored through the (n + l)-fold suspension Zn+1X, q being the canonical map of Cn+1X onto Zn+lX:
Thus, we may identify r" = Hom(2'n+1X, Y), (n^0). We shall see presently that 0 is continuous; thus, <Z>e is a basepointpreserving homotopy, which, in addition, leaves the base of the cone pointwise This may be proved easiest by using the fact that the group structure in nn(K+(X, Y)), n Sj 1, is natural with respect to X and Y, If this group structure is carried over to IIn+1(X, Y) with the aid of the canonical identification, we obtain a natural group structure in this latter set; but, according to Hilton [6] , the natural group structure of IJn+1(X, Y) is uniquely determined for n >0. For n = 0, we have no group structure in n0(K+(X, Y)). where An is the Euclidean «-simplex, the face and degeneracy operators being the usual ones. By taking logarithms, st= -log(iä)/log(2), we obtain the usual parametrization of An, too: Zst= 1, st^0 .
We put Kt(X, Y) = Hom(i?*(Z), 7) = {Kom(P«{X), 7) , d\ s%^0 . If two simplexes a,x £ j " are semisimplicially homotopie, then there exists a (n + l)-simplex q, such that dnQ = a, dn+1o = r, d{Q = 0 (*< n) .
As above, one defines an ordinary homotopy @t between the maps a and t by putting 0t(to, . . ., *"_!, S, X) = Q[t0, . . ., «"_!, S+t{l-S), 8l(s + t(l -«)), x) .
Of course, &t is defined only on the surface t^. . . f"_1 s = -^-l .
Conversely, each ordinary homotopy 0t defines a semisimplicial homotopy, as above.
The last part of the theorem is obvious.
Adjoint Constructions
Let us assume that the functor C in a dual standard construction {C, k, p) admits a right adjoint E. In other words, we have a natural equivalence y : Horn (OX, Y) -> Hom(X, E Y) .
Then, the functor morphisms k and p admit adjoint morphisms k' and p' respectively, satisfying the axioms (SCI) and (SC 2); thus, {E, k', p'} is a standard construction, k! and p' are defined by k'(X) = y-i(lEX)ok(EX) p'(X) = y{y(y-i(lEX)op(EX))).
The somewhat lengthy verification of the axioms will be omitted. It follows that E generates a semisimplicial functor F#, which is adjoint to the functor F* belonging to C; in fact, y induces an isomorphism of the semisimplicial com¬ plexes By the way, the above use of the word "resolve" is not quite correct and should better be avoided. If, for instance, the space Y is a topological abelian group, then the complex F£, generated by path space constructions, is a semi¬ simplicial topological abelian group complex. The associated chain complex (obtained by putting 3 = E{-1)*«!*); however, is by no means a resolution of the group Y; its homology groups are, essentially, the homotopy groups of the space Y.
The modified semisimplicial complex R%(X, Y) admits a very interesting interpretation using adjointness. The right adjoint functor F* of F* assigns to each space its singular complex, topologized by the compact-open topology. commutative. The composition of morphisms in 'jp is defined in the obvious way.
Each standard construction {C, k, p} in ® defines a standard construction {C',k',p'}m%bj
It is easy to verify the axioms (SC 1) and (SC 2); since no confusion is possible, we shall omit the strokes at C", k' and p' from now on.
These constructions allow the introduction of the semisimplicial complexes K* (X, Y) and K% (u, v) It should be noted that the dimensional notation is practically forced on us by the semisimplicial structure and does not quite agree with that introduced by Eckmann and Hilton. From now on, we shall suppose that the following two conditions are satisfied:
(A) The category $ contains a zero object 0, and G preserves zero objects. Obviously, ty then contains a zero object, too.
(B) The complexes K%(X, Y) and K%(u, v) satisfy the Kan condition for all X, Y, u, v.
It is not known to the author whether (B) is really necessary; perhaps one might avoid it by using Kan (1) 3 depends only on the class [9? ]. Let 99~99', then there exists a (n + l)-simplex rj, such that d°rj -q>, dxr) = 9/, dirj = 0 (* > 1); (rj, 0) then defines a homotopy between (9?, 0) and (9/, 0 This rather simple proof of the exactness of the homotopy sequence has several great advantages, as compared with the proofs given previously by Eckmann and Hilton : (1) It is dualizable. (2) The dualizations of definition 9. Proof. Let a be a «-simplex of K#(X, G Y), such that dia = 0, (0 2a * S> n). We interpret a as (n + l)-simplexof K^X, Y),iorm.Q = sn+1o, and reinterpret q as (n + l)-simplex of K*(X, C Y). We have dn+1Q = a, dlq = 0 (i^n), and therefore a~0. (Here we consider, as usual, the augmented complex; for the non-augmented one, the argument would have failed in dimension 0, since there no face operator is defined.) Theorem 9.8 . Under the assumptions of theorem 9.6, together with the addi¬ tional assumptions that k (Y) has a kernel Q Y and that G commutes with kernels, we have 7Tn(X,ÜY) = nn+1(X,Y), (n>0).
Proof. This follows immediately from the exact fibre sequence, and from theorems 9.6 and 9.7.
